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Abstract. The differential cross section for an electron Raman scattering process in a semi-
conductor quantum well wire (QWW) and in a free-standing wire of cylindrical geometry involving
phonon-assisted transitions is calculated for T = 0 K. A complete description of the phonon
modes of cylindrical structures embedded in another material, including a correct treatment of the
mechanical and electrostatic matching conditions at the surface, is presented. We consider the
Fröhlich interaction to illustrate the theory for a GaAs/AlAs system. Electron states are considered
to be confined within a QWW with finite and infinite potential barriers. We also assume single
parabolic conduction and valence bands. The emission spectra are discussed for different scattering
configurations and the selection rules for the processes are also studied. Singularities in the spectra
are found and interpreted.

1. Introduction

The advances in fabrication of new electro-optical devices based on low-dimensional systems
have reinforced the great interest in the investigation of semiconductor nanostructures such as
quantum wells, quantum dots, superlattices and quantum well wires, which are usually made
from weakly ionic materials (like GaAs/AlAs). Such nanostructures might constitute the basis
for an alternative class of solid-state lasers and transport and optoelectronic devices.

Polar optical oscillations in such systems play an important role in many physical
processes, especially in the long-wavelength limit. One of the most important mechanisms
of electron, hole and exciton scattering in these structures is through optical phonon emission
and absorption, which has led to many studies being made of the effects of the reduced
dimensionality on the phonon modes. A continuum theory of optical phonons in quantum
well wires (QWW) and free-standing wires (FSW) was developed in [1–4]. The general
principles and the underlying formalism have been applied [1] to determine the optical modes,
as well as the dispersion relation curves and the electron–phonon interaction Hamiltonian. In
reference [1] the dispersion was illustrated for phonon modes with n = 0, 1 and 2.

Raman scattering experiments are well known to provide a powerful tool for the
investigation of different physical properties of semiconductor nanostructures [5–7]. In
particular, the electronic structure of semiconductor materials and nanostructures can be
thoroughly investigated by considering different polarizations for the incident and emitted
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radiation [5, 8]. In connection with this kind of experiment, the calculation of the differential
cross section (DCS) for electron Raman scattering (ERS) remains a rather interesting and
fundamental issue as regards achieving a better understanding of the synthetic semiconductor
nanostructures characterized by their mesoscopic dimensions [9–14].

Among the various Raman scattering processes involved in this kind of research, the ERS
seems to be a particularly useful technique which provides direct information about the energy
band structure and the optical properties of the systems investigated. ERS is qualitatively
explained as a three-step process. In the first step, the system absorbs a photon from the
incident radiation and an electron–hole pair (EHP) is created in a virtual state (after an inter-
band electron transition); in the second step, the electron and the hole move independently
of each other, emitting an optical phonon and performing intraband transitions. In the last
step, the electron and the hole move independently of each other emitting secondary-radiation
photons and performing an interband transition [14]. In the final state an EHP, a phonon of
frequency ωnm and a photon of frequency ωs appear in a real state of system, which is thus left
in an excited state.

Singularities are usually found in the DCS for ERS and they are related to interband
and intraband transitions. The latter result strongly depends on the scattering configurations,
i.e., the structure of the singularities changes when the photon polarization is modified [15].
This peculiar feature of ERS allows us to determine the subband structure of the system by
direct inspection of the positions of the singularities in the spectra.

For bulk semiconductors, ERS has been studied in the presence of external magnetic and
electric fields [16–19]. For the case of the quantum well, preliminary results were reported
in [20]. The aim of this article is to study ERS in cylindrical QWW and FSW, considering
transitions assisted by photons and phonons. We assume that the electron is partially or totally
confined within the system. We consider parabolic bands and T = 0 K.

Cylindrical symmetry was chosen because it can be synthesized by several methods,
namely, using porous silicon, zeolite cavities, molecular beam epitaxy with ionic attack and
holographic nanolithography. The assumption that T = 0 K eliminates the phonon absorption
term in the electron–phonon interaction Hamiltonian, but does not change the optical properties.
The parabolic band approximation is commonly used for II–VI and III–V semiconductors
when the description is near to the centre of the Brillouin zone in the reduced-zone scheme.
Under these dynamical conditions and since the potential barriers do not imply interband
transitions, the nanostructures can be treated within the envelope function and effective-mass
approximations.

As regards the complexity of the valence band in III–V and II–VI semiconductor com-
pounds, the contribution of band mixing is small in the confinement regime assumed in
this work and this is consistent with previous treatments [21, 22]. When the excitation
energy is close to the band-gap energy, the valence band structure is very important in the
strong-confinement regime and just one conduction band can be assumed since the electronic
contribution to the process is negligible, as has been pointed out recently by Fomin et al
[23, 24]. However, this is not the case for the present work, because the excitation energy
considered herein is much higher than the band-gap energy.

2. Model and applied theory

Let us briefly describe the model and the fundamental theory applied in our calculations. The
QWW geometry is cylindrical with circular cross section of radius r0 and length L. As was
explained before, we consider a single conduction (valence) band split into a subband system
due to electron confinement within the structure. The solution of the Schrödinger equation, in
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the envelope function approximation, leads to

�nj mj
= (2πL)−1/2 exp(−i(njφ + kzj z))uj
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where

kxj =
√

2µ1Enj mj

h̄2 r0 kyj =
√

2µ2(V0 − Enj mj
)

h̄2 r0

and j = 1 (2) is used to denote the electron (hole). Jnj
and Knj

are the Bessel and modified
Bessel functions, µ1 (µ2) are the effective masses in the wire (surrounding medium) and V0

represents the band offset. The states are described by the quantum numbers: nj = 0, 1, . . .;
mj = 1, 2, . . .; and kzj . The matching conditions require the continuity of the function � and
the current (1/µi)∂�/∂r at the interface. Then, the confinement energies are determined by
the secular equation:

µ1kyjK
′
nj

(kyj )Jnj
(kxj ) = µ2kxjJ

′
nj

(kxj )Knj
(kyj ). (3)

The total energies are

Ej(kxj , kyj , kzj ) = Enj mj
(kxj , kyj ) + Ezj (kzj ) Ezj (kzj ) = h̄2

2µ
k2

zj . (4)

Finally, uj is the Bloch function taken at �k0 = 0, where (by assumption) the band extrema
are located.

For an infinitely high potential barrier the wavefunction becomes

�j = [
√

πLr0J
′
nj

(xnj mj
)]−1Jnj

(
xnj mj

r

r0

)
exp(−i(njφ + kzj z))uc. (5)

Here, Jnj
(xnj mj

r/r0)is the Bessel function of order nj , xnj mj
denotes its zeros,

Jnj
(xnj mj

) = 0 and J ′
nj

(xnj mj
) is its derivative. On the other hand, the energy levels are

determined by

Ej = h̄2

2µj

[
k2

zj +

(
xnj mj

r0

)2]
. (6)

3. Raman scattering cross section

The DCS for ERS of a volume V per unit solid angle d# for incoming light of frequency ωl

and scattered light of frequency ωs is given by [14]

d2σ

dωs d#
= V 2ω2

s η(ωs)

8π3c4η(ωl)
W(ωs, �es) (7)
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where η(ω) is the refractive index as a function of the radiation frequency, �es is the polarization
vector for the emitted secondary radiation, c is the velocity of light in vacuum and W(ωs, �es)

is the transition rate calculated according to

W(ωs, �es) = 2π

h̄

∑
f

|M1 + M2|2δ(Ef − Ei) (8)

where

Mj =
∑
a,b

〈f |Ĥjs |b〉〈b|Ĥjph|a〉〈a|Ĥjl|i〉
(Ei − Ea + i0a)(Ei − Eb + i0b)

+
∑
a,c

〈f |Ĥjph|c〉〈c|Ĥjs |a〉〈a|Ĥjl|i〉
(Ei − Ea + i0a)(Ei − Ec + i0c)

. (9)

In equation (9), |i〉 and |f 〉 denote the initial and final states of the system with their cor-
responding energies Ei and Ef . |a〉, |b〉 and |c〉 are intermediate states with energies Ea , Eb

and Ec while 0a , 0b and 0c are the corresponding lifetime widths. In this equation we have
not considered the states related to the ‘interference diagrams’ [20, 25] because they involve a
negligible contribution whenever the energy gap Eg is large enough (as is the case for GaAs,
CdTe etc).

The Hamiltonian Ĥjl is of the form

Ĥjl = |e|
µ0

√
2πh̄

V ωl

�el · �̂P �̂P = −ih̄ �∇ j = 1, 2 (10)

where µ0 is the free-electron mass. This Hamiltonian describes the interaction with the incident
radiation field in the dipole approximation. The interaction with the secondary-radiation field
is described by

Ĥjs = |e|
µj

√
2πh̄

V ωs

�es · �̂P j = 1, 2. (11)

This Hamiltonian describes the photon emission by the electron (hole) after transitions
between conduction (valence) subbands of the system occur. In equation (9) the intermediate
states |a〉 represent an EHP in a virtual state (after absorption of the incident photon), while
the states |b〉 and |c〉 represent an EHP in a real one (after the emission of a phonon and a
secondary photon, respectively).

In the initial state |i〉 we have a completely occupied valence band, an unoccupied
conduction band and an incident photon of energy h̄ωl . Thus,

Ei = h̄ωl. (12)

The final state |f 〉 involves an EHP excited in a real state, a secondary-radiation emitted photon
of energy h̄ωs and a phonon of energy h̄ωnm. Hence,

Ef = En1m1 + Ez1 + En2m2 + Ez2 + h̄ωs + h̄ωnm + Eg. (13)

For the intermediate states |a〉, |b〉 and |c〉, the energies Ea , Eb and Ec are easily obtained
from the above discussion, and using energy and momentum conservation laws we can evaluate
the denominators in equation (9):

Ei − Ea = En1m1 − En′′
1m′′

1
+ h̄(ωs + ωnm)

Ei − Eb = En1m1 − En′
1m

′
1

+ h̄ωs (14)

Ei − Ec = En1m1 − En′
1m

′
1

+ h̄ωnm.

Considering that the energy of the incident radiation, h̄ωl , is such that the electron upon
absorbing it could reach the first subbands, and from the above results, the contribution of
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the second term of equation (9) can be neglected if it is compared to the contribution of the
first one.

We thus should consider, for the determination of the DCS, the contribution of just the
first term on the right-hand side of equation (9) during the calculation of Mj .

4. Electron–phonon interaction Hamiltonian

Let us briefly summarize some details concerning the optical phonons and electron–phonon
interaction Hamiltonian for QWW and FSW. Within the framework of a macroscopic
continuum coupling model, the phonon mechanical displacement vector �U , the electrostatic
potential φ and the optical vibration modes were obtained in reference [1]. These results are
in close agreement with both experiments and microscopic calculations [26–29].

According to this treatment:

(i) we must solve a system of coupled differential equations for the displacement field �U and
the electric potential φ;

(ii) we must apply matching conditions at the interfaces in close consistency with both the
differential equations of the treatment and the physical principles involved.

This treatment leads to coupled oscillation modes involving a mixed character. For further
details, references [26–29] should be consulted.

The boundary conditions that need to be satisfied at the interface are the continuity of:

(1) all the components of the displacement, �U ;
(2) the electrostatic potential, φ;
(3) the normal component of the mechanical stress tensor, σN ; and
(4) the normal component of the electric displacement, DN .

For the GaAs/AlAs system the zone-centre optical phonon frequencies in the two bulk
materials are separated by 100 cm−1, which leads to virtually complete confinement of the
GaAs vibrations in GaAs and of the AlAs vibrations in AlAs (in fact, the displacements of
GaAs modes are zero at the first Al atom after the interface). In order to simplify the algebra,
the boundary condition (1) is modified from �U continuous to �U = 0 at the interface. With this
modification, the stress boundary condition (3) becomes redundant.

Other cases also considered in the literature are free oscillations for FSW. In such cases
the active medium is surrounded by vacuum (or quartz), thus allowing free oscillations of the
surface. In this case the matching boundary conditions are

↔
σ �N |r∈S = 0 and �U is defined for

just one side of the structure.
In the framework of the present treatment we shall restrict ourselves to the case of

oscillations perpendicular to the wire axis, i.e., qz = 0 and hence Uz = 0, where �q is
the phonon wavevector. We are thus considering a particular case which, however, is of
direct relevance to the study of certain physical outcomes (one-phonon Raman scattering
configurations [30], for instance) and gives us an insight into the nature of the oscillations.
It has been shown that the corresponding eigensolutions constitute a complete orthonormal
basis of eigenvectors �Unm and the electron–phonon interaction Hamiltonian is derived using
the second-quantization formalism and can be written as [1]

Ĥ =
∑
n,m

Cnm[Fnm(r)einθ b̂nm + HC] (15)

where

Cnm =
[

πωLρ

ωnm

]1/2

r2
0 CF CF = −

√
2πe2h̄ωL

V
(ε−1

a∞ − ε−1
a0 ). (16)
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εa∞ (εb0) is the high-frequency (static) dielectric constant; V is the volume; ωL is the limiting
(bulk) longitudinal optical frequency of the oscillations; ρ is the reduced mass density; ωnm is
the frequency of the nm-mode; the functions Fnm(r) have different forms for the QWW and
FSW. For a QWW, we have that

F QWW
nm = Bnm


1

x
fn

(
x

r

r0

)
− Sn(x)

(
r

r0

)n

r < r0[
1

x
fn(x) − Sn(x)

](
r0

r

)n

r > r0

(17)

where

Sn(x) = εa∞
εa∞ + εb∞

[
1

n
fn−1(x) +

1

x

(
εb∞ − εa∞

εa∞

)
fn(x)

]
(18)

while for a FSW

F FSW
nm = Bnm


fn

(
x

r

r0

)
− tn(x, y)

(
r

r0

)n

r < r0

[fn(x) − tn(x, y)]

(
r0

r

)n

r > r0

(19)

where

tn(x, y) =
[
y2fn(x)fn+2(y) +

εa∞
εb∞

gn(x)fn(y)

][(
εa∞
εb∞

(
βL

βT

)2

x2 + y2

)
fn+2(y)

]−1

(20)

and

gn(x) = β2
L

β2
T

x2fn(x) − 2(n + 1)xfn+1(x). (21)

Bnm is a normalization constant which can be determined from equation (34) in [1]. In
this constant we may include the term ρ from equation (16); therefore it will not appear later.
εb∞ is the high-frequency dielectric constant for AlAs. βL (βT ) is a parameter describing the
dispersion of the longitudinal (transverse) oscillations.

On the other hand,

x = qr0 y = Qr0

(
r0

βL

)2

(ω2
L − ω2

T ) = R2 = x2 −
(

βT

βL

)2

y2 (22)

where

q2 = ω2
L − ω2

nm

β2
L

Q2 = ω2
T − ω2

nm

β2
T

and fn(x) represents a solution of the Bessel equation of order n (this function should be
bounded in its domain of definition). It must be noted that ω < ωL for all of the frequencies
involved; thus q is always a real quantity. In contrast, Q is real for ω < ωT , but a pure complex
quantity for ωT < ω < ωL.

The eigenfrequencies of the oscillation modes for this case are reported in [4] as
εa∞ + εb∞

2
[fn−1(x)fn+1(y) + fn−1(y)fn+1(x)]

+

(
βL

βT

)2
εa∞
y2

R2

[
fn−1(x) +

n

x
fn(x)

(
εb∞
εa∞

− 1

)]
fn+1(y) = 0 (23)

and for the FSW case they are obtained by solving the following secular equation:

2n(n − 1)

(
βL

βT

)2

R2tn(x, y)fn+2(y) + 2ny2fn+2(y)[xf ′
n(x) − fn(x)]

+ gn(x)[2yf ′
n(y) + (y2 − 2n2)fn(y)] = 0. (24)
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5. Calculation of Raman scattering intensities in QWW

If we consider allowed electron transitions between conduction (c) and valence (v) bands,
equations (10) and (1), the matrix element 〈a|Ĥjl|i〉, in the envelope function approximation,
can be written as

〈a|Ĥjl|i〉 = |e|
µ0

√
2πh̄

V ωl

�el · �̂P cv(0)

 χ
n′′

1m′′
1

n2m2 δn′′
1n2δk′′

1 ,−k2 j = 1

χ
n′′

2m′′
2

n1m1 δn1n
′′
2
δk1,−k′′

2
j = 2

(25)

with

χn1m1
n2m2

= An1m1An2m2

∫ r0

0
Jn1(xn1m1)Jn2(xn2m2)r dr

+ Bn1m1Bn2m2

∫ ∞

r0

Kn1(yn1m1)Kn2(yn2m2)r dr (26)

where �̂P cv is the momentum matrix connecting the valence and conduction bands (evaluated
at �k0 = 0).

From equations (15)–(18) and equation (1) it can be seen that

〈b|Ĥjph|a〉 = CnmI
n′

j m′
j m

n′′
j m′′

j n
δn′′

j ,n′
j −nδk′′

j ,k′
j
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where

I
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j m

n′′
j m′′

j n
= An′
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j
An′′

j m′′
j
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0
Jn′

j
(xn′

j m′
j
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j
(xn′′

j m′′
j
)r dr

+ Bn′
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j
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j
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r0

Kn′
j
(yn′

j m′
j
)F QWW

nm (r)Kn′′
j
(yn′′

j m′′
j
)r dr. (28)

For the electron (hole)–secondary-radiation interaction matrix element we have

〈f |Ĥjs |bj〉 = (−1)j+2 |e|ih̄
µj

√
2πh̄

V ωl

�es · �∇jj

where

∇jj =
{√

2

2
[(xnj ,m′

j
Jnj ,mj m′

j
− ynj ,m′

j
Knj ,mj m′

j
) �̂σ−δnj,n

′
j −1

− (xnj ,m′
j
Jnj ,mj m′

j
+ ynj ,m′

j
Knj ,mj m′

j
) �̂σ +δnj,n

′
j +1]

− ik′
j (Jnj ,mj m′

j
+ Knj ,mj m′

j
) �̂Zδnj,n

′
j

}
δkj,k

′
j

(29)

Jnj ,mj m′
j
= Anj ,mj

Anj ,m′
j

∫ r0

0
Jnj

(xnj mj
)Jn(xnj m′

j
)r dr (30)

Knj ,mj m′
j
= Bnj ,mj

Bnj ,m′
j

∫ ∞

r0

Knj
(ynj mj

)Knj
(ynj m′

j
)r dr. (31)

Using the theory described in section 2 we can obtain, after cumbersome calculations,
explicit expressions for the DCS of the ERS process. We have neglected the photon wave-
vector in comparison with the electron wavevector in our calculation. Hence, in the final state,
we have �ke + �kh = 0. We just write the final results:

d2σ

d# dωs

= σ0[Wesz
+ We+

s
+ We−

s
+ We+

s e−
s

] (32)
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where

σ0 = 2
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r E

5
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j
)

[Ebj + iδbj ][Ea(nj , mj , n2δ1j + n1δ2j , m′′
j ) + iδaj ]

× (I
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′
1m

n2m′′
1n

χ
n2m′′

1
n2m2 δn2,n1−nδ1j + I

n2m′
2m

n1m
′′
2n

χ
n1m

′′
2

n1m1 δn1,n2−nδ2j )δn′
j ,nj

(37)
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=
√

2

2

2∑
j=1

∑
m′′

j m′
j

(−1)j+1(xnj ,m′
j
Jnj ,mj m′

j
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j
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j
)

[Ebj + iδbj ][Ea(nj , mj , n2δ1j + n1δ2j , m′′
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′
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χ
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1
n2m2 δn2,n1±1−nδ1j + I

n′
2m′

2m

n1m
′′
2n

χ
n1m

′′
2

n1m1 δn1,n2±1−nδ2j )δn′
j ,nj ±1 (38)

where

Ea(nj , mj , n2δ1j + n1δ2j , m′′
j ) = 1

E0
[h̄ωs + h̄ωnm + E(j)

nj mj
− E

(j)

n2δ1j +n1δ2j ,m′′
j
] (39)

Ebj = 1

E0
[E(j)

nj mj
− E

(j)

n′
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j
+ h̄ωs] (40)

g2 = 1

E0
[h̄ωl − h̄ωs − h̄ωnm − Eg − En1m1 − En2m2 ] (41)

E0 = h̄2

2µrr
2
0

µ−1
r = µ−1

e + µ−1
h (42)

where µe and µh are the electron and hole effective masses within the QWW.
Derivation of equations (32), (34), (35) and (36) requires that

δ(Ef − Ei) → 1

π

0f

(Ef − Ei)2 + 02
f

(43)

assuming a finite lifetime for the EHP in the final state, while

δf = 0f

E0
δa = 0a

E0
δb = 0b

E0
. (44)

In equation (32) four terms can be observed, in contrast with the case for equation (10) of
[13] where only the first three exist; the last term is related to the confined phonons and only
has meaning for n = 0 where LO and TO phonon modes are uncoupled (see equation (36)).
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Let us make some remarks concerning the above equations. For a general scattering
configuration we should have four terms in the DCS, as is explicitly seen in equation (32).
However, for particular choices of the scattering configuration some of these terms could
be absent. For instance, if we have a backscattering configuration with �Z parallel to the
radiation wavevector �k, then equation (34) will not contribute to the DCS. In particular, for
the scattering configuration Z̄(�el, �σ±)Z, the contribution to the DCS is given by (35) and
(36). In the configuration where the scattered radiation wavevector is parallel to the x-axis
with polarization �es‖ �Z, i.e., Z̄(�el, Z)X, only the first term on the right-hand side of equation
(32) will be present in the DCS. This result is in close analogy with the case of ERS in
cylindrical quantum wires [13]. In equations (34), (35) and (36) the summations over the
labels (n1, m1, n2, m2, n, m) must be carried out obeying the following requirement:

1

E0
[h̄ωl − h̄ωs − h̄ωnm − Eg − En1m1 − En2m2 ] � 0. (45)

In the Z̄(�el, �σ±)Z configuration the emission spectra of ERS in QWW show maxima at
the following values of ωs :

ωj
s = 1

h̄
[E(j)

n2δ1j +n1δ2j ,m′′
j
− E(j)

nj mj
− h̄ωnm] (46)

and

ωj
s = 1

h̄
[E(j)

n′
j m′

j
− E(j)

nj mj
]. (47)

As can be seen from equation (46) or (47), these frequencies correspond to electron
transitions connecting the subband edges for a process involving just the conduction or just
the valence band (i.e., intraband transitions). The values of frequencies reported in equations
(46) and (47) are associated with the emission of a phonon (photon) by the electron or hole in
intersubband transitions. The selection rules are n2 = n1 ± 1 − n for the electron transitions
and n2 = n1 ∓ 1 + n for the hole transitions, both related to equation (46). We also observe in
equation (47) that for n′

1 = n1 ± 1 (n′
2 = n2 ± 1), electron (hole) transitions are allowed. This

selection rule corresponds to e∓
s -polarization. The singularities involved in equations (46) and

(47) are independent of ωl and correspond to intraband transitions.
Other singularities of equations (35) and (36) occur whenever g = 0. Such singularities

are mainly related to certain values of the frequency ωl of the incident photon. For the emission
spectra the positions of these singularities are given as follows:

ωs = 1

h̄
[h̄ωl − h̄ωs − h̄ωnm − Eg − En1m1 − En2m2 ]. (48)

Here the same selection rule as applies to equation (46) must be fulfilled. The peaks related
to the latter singularities correspond to interband EHP transitions and their positions depend
on the incident radiation frequency ωl .

In the case of the scattering configuration Z̄(�el, �esz)X, the following selection rules are
satisfied: n2 = n1 − n for electron transitions while n2 = n1 + n for the hole transitions. In
this case, the emission spectra of the ERS show maxima for the values of ωs given in (46). If
the transitions are mediated by photons, the selection rules are given by n2 = n1.

6. Calculation of the Raman scattering intensities in FSW

If we consider allowed electron transitions between conduction (c) and valence (v) bands,
equations (5) and (10), the matrix element 〈a|Ĥjl|i〉, in the envelope function approximation,
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can be written as

〈a|Ĥjl|i〉 = |e|
µ0

√
2πh̄

V ωl

�el · �̂P cv(0)

{
δn′′

1n2δm′′
1m2δk′

1,−k2 j = 1

δn1n
′′
2
δm1m

′′
2
δk1,−k′′

2
j = 2.

(49)

From equations (5) and (15) it can be seen that

〈b|Ĥjph|a〉 = CnmI
n′

j m′
j m

n′′
j m′′

j n

[
r2

0

2
J ′

n′
j
(xn′

j m′
j
)J ′

n′′
j
(xn′′

j m′′
j
)

]−1

δn′′
j ,n′

j −nδk′′
j ,k′

j
(50)

where

I
n′

j m′
j m

n′′
j m′′

j n
= 1

r0

∫ r0

0
Jn′

j

(
xn′

j m′
j

r

r0

)
F FSW

nm (r)Jn′′
j

(
xn′

j m′
j

r

r0

)
r dr. (51)

For the electron (hole)–secondary-radiation interaction matrix element, we have

〈f |Ĥjs |b〉 = ih̄e

µj

√
2πh̄

V ωs

(−1)j+1{ik′
j �es · �Zδnj n′

j
δmj m′

j

− �es · �σ−
r0

Y +
nj mj m′

j
δn′

j ,nj +1 − �es · �σ+

r0
Y −

nj mj m′
j
δn′

j ,nj −1}δkj k′
j

(52)

where

Y ±
nlm = xn±1,mxnl

(xnl)2 − (xn±1,m)2
and �σ± = ( �X ± i �Y ). (53)

We just obtain the final results in a similar way to equations (32), (33), (35) and (36), but

Wesz
=

∑
n1m1n2
m2nm


ωL

ωnm

(
I n1m1m
n2m2n

J (n1m1n2m2)

)2

×

√
g2 +

√
g4 + δ2

f

(h̄ωs/E0)2 + δ2
b

∣∣∣∣β1δn2,n1−n

p1a + iδa

+
β2δn2,n1+n

p2a + iδa

∣∣∣∣2


∣∣∣�es · �Z

∣∣∣2
(54)

Me∓
s

=
2∑

j=1

(−1)j
∑
n′

j m′
j

βj IjY
±
nj mj m′

j
δn′

j ,nj ±1

Jj (pjb + iδb)

δ1j δn2,−n+n1±1 + δ2j δn2,n+n1∓1

(pja + iδa)

 (55)

where

I1 = I
n′

1m
′
1m

n2m2n I2 = I
n′

2m′
2m

n1m1n J1 = J (n′
1m

′
1n2m2) J2 = J (n1m1n

′
2m

′
2) (56)

and

J (n1m1n2m2) = J ′
n1

(µn1
m1

)J ′
n2

(µn2
m2

). (57)

On the other hand,

pja = (−1)j+1βj [(xn1m1)
2 − (µn2m2)

2] +
h̄(ωs + ωnm)

E0
(58)

pjb = βj [(µnj mj
)2 − (µn′

j m′
j
)2] +

h̄ωs

E0
(59)

with

g2 = 1

E0
(h̄ωl − h̄ωs − h̄ωnm − Eg) − β1(xn1m1)

2 − β2(xn2m2)
2 (60)
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assuming a finite lifetime for the EHP in the final state, while

βj = µr

µj

. (61)

In the Z̄(�el, �σ±)Z configuration, the emission spectra of the ERS in QWW show maxima
at the following values of ωs :

ωj
s = (−1)j+1 βjE0

h̄
[(xn2m2)

2 − (xn1m1)
2] − ωnm (62)

and

ωj
s = βjE0

h̄
[(xn′

j m′
j
)2 − (xnj mj

)2]. (63)

The selection rules are similar to those in the QWW case, except the n2 = n1 one for the
Z̄(�el, Z)X scattering configuration.

Other singularities occur whenever g = 0. For the emission spectra the positions of these
singularities are given as follows:

ωs(n1, m1, m2, n, m) = ωl − ωnm − ωg − β1E0

h̄
(xn1m1)

2 − β2E0

h̄
(xn2m2)

2. (64)

The peaks related to the latter singularities correspond to interband EHP transitions and
their positions depend on the incident radiation frequency ωl .

7. Discussion of the results and conclusions

We have computed the scattering efficiency (SE) (1/σ0)d2σ/d# dωs as a function of
h̄ωs/E0 and (1/σ0)d2σ/d# dωs as a function of (h̄ωl − Eg)/E0—the so-called ‘emission
and excitation spectra’, respectively—for the ERS process for a given polarization �es of
the emitted radiation. The physical parameters used in our expressions are: for the GaAs
case, Eg = 1.5177 eV, µ1 = 0.0665µ0, µ2 = 0.45µ0 (the heavy-hole band), ε∞ = 10.9,
ε0 = 12.53, βT = 3.12 × 10−12, βL = 2.91 × 10−12, ωT = 273.8 cm−1; and for the AsAl
case, µ1 = 0.12µ0, µ2 = 0.5µ0, ε∞ = 8.16, ε0 = 10.06. We have set 0f = 3 meV,
0a = 0b = 1 meV, Ve = 0.968 eV and Vh = 0.6453 eV.

Resonant electron transitions mediated by photons (phonons) are indicated by
ωe,s(n1, m1, n′

1, m′
1) (ωe,ph(n1, m1, n2, m2)). In the hole case we have ωh,s(n

′
2, m′

2, n2, m2)

(ωh,ph(n1, m1, n2, m2)). Here, (na, ma, nb, mb) represents the subband involved in the trans-
itions. The step-like ones are indicated by SL(n1, m1, n2, m2), where n1 and m1 (n2 and m2)
are the electron (hole) subbands.

In figure 1(a) we show the emission spectra of the QWW in the scattering configuration
Z(�el, �σ−)Z. We have selected the following values: h̄ωl − Eg = 20E0 (dotted line),
h̄ωl − Eg = 25E0 (solid line), r0 = 2 nm and nph = 0. It can be observed that the positions
of the peaks, which appear due to photon and phonon emission, do not depend on the incident
energy, but they do depend on the difference of the subbands that appear to be involved in the
transitions and also on the phonon mode when the phonon is involved (see equations (46) and
(47)). On the other hand, the increase of the incident energy produces a decrease of the DCS
(see equations (35) and (41)).

Figure 1(b) shows the emission spectra for a QWW with the same scattering configuration
as was used in figure 1(a). The selected values are: r0 = 2 nm, h̄ωl − Eg = 20E0 for
nph = 0 (solid line) and nph = 1 (dotted line). It can be observed that the positions of the
peaks due to transitions assisted by photon emission do not depend on the phonon mode that is
involved; however, their intensity increases with the phonon mode, since the DCS is inversely
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Figure 1. Emission spectra of the QWW in the Z(�el , �σ−)Z scattering configuration for:
(a) h̄ωl − Eg = 20E0 (dotted line), h̄ωl − Eg = 25E0 (solid line) and (b) h̄ωl − Eg = 20E0,
nph = 0 (solid line) and nph = 1 (dotted line).
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proportional to its frequency (see the dispersion relation given in [1] and equation (35)). The
presence of a finite potential barrier can produce a different behaviour of the higher-order
phonon modes because the selection rules impose the requirement that the transitions take
place between more separated subbands, resulting in an energy separation higher than the
energy of the vibration modes. If the potential barrier is infinite, the inverse dependency on
the mode frequency is always retained.

Figure 2 shows the emission spectra of a QWW in the scattering configuration Z(�el, Z)X

for two values of the incident energies: h̄ωl − Eg = 20E0 (solid line) and h̄ωl − Eg = 31E0

(dotted line). Both spectra correspond to the modes nph = 0 and r0 = 2 nm. The increase
of the incident energy produces a behaviour similar to the one discussed previously. In this
case, in contrast to that in reference [13], the singular character appears in the spectrum for
two reasons:

(1) the consideration of transitions in which the phonons participating have oscillations
perpendicular to the z-axis (qz = 0); and

(2) the presence of the finite potential barrier, which leads to the indices m1 and m2 of the
electron and hole subbands not being coupled.
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15000

20000

25000

30000

35000
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Figure 2. Emission spectra of the QWW in the Z(�el , Z)X scattering configuration. h̄ωl − Eg =
20E0 (solid line) and h̄ωl − Eg = 31E0 (dotted line).

In figure 3 we show the emission spectrum for several values of the potential barrier for
electrons, using the same scattering configuration and data as in figure 1(a). In these spectra
the values of the potential barrier in the valence band and the effective masses of electrons
and holes have been fixed. It can be observed that for a particular transition, the position of
the peaks is shifted to the right when the value of the potential barrier of the conduction band
increases. This shows that the position of the peaks is affected by the presence of the finite
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Figure 3. Emission spectra of the QWW in the Z(�el , �σ−)Z scattering configuration. Solid line:
1.5 eV; dashed line: 2 eV; dotted line: 3 eV.

barrier, and we can observe that for the infinite potential barrier, the position of the peaks
would be the limit case.

In figure 4 we show the emission spectra of the FSW in the scattering configuration
Z(�el, Z)X with h̄ωl − Eg = 20E0. We must point out that the spectra are plotted keeping in
mind that the electron and hole are completely confined. This allows one to invoke an analogy
with the case of the QWW modelled with infinite potential barriers since the system of electrons
and holes would be in the same situation in the two cases; the only difference would be in the
phonon system due to the fact that for the QWW the boundary conditions are of the first type
while for the FSW they are of the second type. Keeping in mind the dispersion relations given
in reference [1], and equation (62), it can be observed that the position of the peaks would be
slightly shifted to the right in the case of the FSW. On the other hand, the magnitude of the
DCS for the FSW is much larger than for the QWW, which is possible because the boundary
conditions lead to the form factor of the FSW being much larger than for the QWW. If the
QWW is modelled with a finite barrier, then the shifting would not be small; in fact the position
of the peaks would be shifted to the left and another transition would appear (according to the
discussion of figure 3). That behaviour can be observed for all possible peaks.

In figure 4 it can also be observed that the only transitions appearing are those in which
phonons are emitted. The behaviour is different in the case where the potential barrier is finite,
where, besides this transition, other transitions appear, which are due to photons (see figure 2).
On the other hand, upon comparing the positions of the peaks having the same phonon mode
but with different radius, one can observe a shift to the left when the radius increases.

Figure 5 shows the excitation spectra of a QWW with the scattering configuration of
figure 2. Here nph = 0, r0 = 2 nm and h̄ωs = 6E0. It can be observed that new subbands are
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Figure 4. Emission spectra of the FSW in the Z(�el , Z)X scattering configuration. Solid line:
nph = 1; dotted line: nph = 0.
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Figure 5. The excitation spectrum of the QWW in the Z(�el , Z)X scattering configuration.

accessible to the EHP when the incident energy is increased. The effect of the finite barrier in
the spectrum is observed in the transition SL(0, 1, 0, 2).

Finally, in the present work we have applied a simplified model for the electronic structure
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of the system. In a more realistic case we should consider a coupled band structure using a
calculation model like that of Luttinger and Kohn or the Kane model. The above-mentioned
assumptions would lead to better results but entail more complicated calculations. However,
within the limits of our simple model we are able to account for the essential physical
properties of the problem discussed. The fundamental features of the DCS, as described
in this work, should not be very different in the real QWW case. It can be easily proved that
the singular peaks in the DCS will be present irrespective of the model used for the subband
structure and may be determined for values of h̄ωs equal to the energy difference between
two subbands: h̄ωe (h)

s = Ee (h)
α − E

e (h)
β , where Ee (h)

α (E
e (h)
β ) are the respective electron (hole)

energies in the subbands. Similarly, we shall have a step-like dependence in the DCS for
h̄ωl = h̄ωs + h̄ωnm +Eg +Eα +Eβ . At present there is a lack of experimental work on this type
of ERS. Our major aim in performing these calculations is to stimulate experimental research
in this direction.
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